We perform nonperturbative studies of N = 4 super Yang-Mills theory by Monte Carlo simulation. In particular, we calculate the correlation functions of chiral primary operators to test the AdS/CFT correspondence. Our results agree with the predictions obtained from the AdS side that the SUSY non-renormalization property is obeyed by the three-point functions but not by the four-point functions investigated in this paper. Instead of the lattice regularization, we use a novel regularization of the theory based on an equivalence in the large-N limit between the N = 4 SU(N ) theory on R × S 3 and a one-dimensional SU(N ) gauge theory known as the plane-wave (BMN) matrix model. The equivalence extends the idea of large-N reduction to a curved space and, at the same time, overcomes the obstacle related to the center symmetry breaking. The adopted regularization for S 3 preserves 16 SUSY, which is crucial in testing the AdS/CFT correspondence with the available computer resources. The only SUSY breaking effects, which come from the momentum cutoff Λ in R direction, are made negligible by using sufficiently large Λ.
Introduction
Supersymmetry (SUSY) is a symmetry, which is expected to play a key role in understanding particle physics beyond the electroweak scale up to the Planck scale. On one hand, it provides a natural way to stabilize the electroweak scale against quantum corrections from the viewpoint of a fundamental theory anticipated to appear at the Planck scale. On the other hand, SUSY is crucial in various new approaches to superstring theory and quantum gravity based on gauge theories. In either of these applications, it is important to study supersymmetric gauge theories in a complete nonperturbative formulation such as the lattice gauge theory. This is considered very hard, however, due to the fact that the lattice inevitably breaks SUSY. Namely the SUSY algebra includes translational symmetry, which is manifestly broken down to a discrete one by the lattice regularization. In order to restore SUSY in the continuum limit, one typically needs to fine-tune the parameters in the lattice action. Recently various ideas for preserving SUSY as much as possible in lattice and non-lattice regularizations have been put forward.
In this paper we perform Monte Carlo studies of N = 4 super Yang-Mills theory (SYM), which is a four-dimensional superconformal gauge theory with maximal 32 supersymmetries. In addition to the superconformality and maximal supersymmetry in four dimensions, the theory has attracted much attention for the conjectured Montonen-Olive duality, which realizes the strong-weak duality as an extension of the electromagnetic duality of Maxwell's theory. In the context of superstring theory, the N = 4 U(N ) SYM appears as the low-energy effective theory of a stack of N D3-branes. This fact led to the famous AdS/CFT correspondence [1, 2, 3, 4] , which is a conjectured duality relation between the N = 4 SU(N ) SYM and type IIB superstring theory on AdS 5 × S 5 . In the N → ∞ limit with fixed but large 't Hooft coupling λ ≡ g 2 YM N , in particular, the string theory side reduces to the classical supergravity, which enables various explicit calculations. The AdS/CFT correspondence thus provided a lot of predictions on the strong coupling dynamics of N = 4 SU(N ) SYM albeit in the large-N limit. Some of the predictions have been confirmed in a remarkable manner assuming integrability [5] , and there are also some attempts to prove the AdS/CFT correspondence based on the worldsheet approach [6, 7] . However, a direct test based on first-principle calculations in N = 4 SU(N ) SYM would still be very important.
In the case of D0-branes, one obtains the gauge/gravity duality between one-dimensional SUSY gauge theory with 16 supercharges and the black 0-brane solution in type IIA supergravity [8] . Monte Carlo studies of the 1d SUSY gauge theory confirmed various predictions from the gauge/gravity duality [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . In particular, the black hole thermodynamics has been reproduced [14] including α ′ corrections, which correspond to the effects of closed strings with finite length. Predictions for Wilson loops and correlation functions have also been confirmed [13, 16, 18] . The success of these works largely depends on the fact that the 1d gauge theory does not have UV divergences, and hence all the 16 SUSYs can be restored without fine-tuning.
Monte Carlo studies of SUSY gauge theories in more than two dimensions require more ideas. For instance, refs. [21, 22] studied 2d SYM in the large-N limit numerically by using the discrete light-cone quantization. The two-point correlation function of the stress-energy tensor has been calculated, and the expected power-law behavior has been confirmed. Refs. [23, 24] studied the ABJM theory, which is a 3d superconformal ChernSimons gauge theory describing M2-branes, by simulating a matrix model which can be obtained by applying the so-called localization technique [25] to the 3d theory. See also refs. [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36] for recent works on lattice formulations of SUSY theories. As for 4d N = 4 SYM, any lattice formulations proposed so far seem to require fine-tuning of at least three parameters [37, 38, 39, 40, 41] . (See refs. [42, 43] , however.) The non-lattice regularization [44] used in this paper respects 16 out of 32 SUSYs of the theory, and it avoids the fine-tuning problem completely. The idea is based on the large-N reduction and fuzzy spheres, which reduce 4d N = 4 SYM to 1d SUSY gauge theory with certain deformation preserving 16 supercharges. Hence we can study 4d N = 4 SYM by using essentially the same code as the one used in the works on the 1d SUSY gauge theory [11, 13, 14, 16, 18] . There are also hybrid formulations of N = 4 SYM preserving two SUSYs, which use a 2d lattice and fuzzy spheres [45, 46] . It is claimed that 4d N = 4 SYM can be obtained even at finite N without fine-tuning if the commutative limit of N = 4 non-commutative SYM is smooth. Refs. [47, 48, 49 ] studied a large-N matrix model of six commuting matrices as a simplified model for the low-energy dynamics of 4d N = 4 SYM at strong coupling. It is found [48] that the three-point functions of half-BPS operators calculated in the simplified model agree with the predictions from the AdS/CFT correspondence despite the simplification.
The aim of this work is to perform full nonperturbative calculations in 4d N = 4 SYM respecting 16 SUSYs by taking advantage of the large-N limit based on the proposal in ref. [44] . In fact it is well known that the large-N limit results in considerable simplification such as the dominance of planar diagrams and the factorization property of multi-trace correlation functions. Under certain assumptions, one can also show the equivalence of a theory to a model with the space-time reduced to a point [50] , which is commonly referred to as the large-N reduction. In the reduced model, the space-time degrees of freedom are represented within the internal space, which is possible since the internal space becomes infinite dimensional in the large-N limit. This, in particular, suggests [51] the possibility of a new regularization scheme alternative to the lattice that works in the large-N limit. However, the assumptions for the equivalence do not hold in many interesting cases. For instance, the original Eguchi-Kawai model [50] for D-dimensional SU(N ) pure gauge theory does not work in D ≥ 3 due to the spontaneous breaking of the center symmetry [52] , which led to various proposals [51, 52, 53, 54, 55, 56, 57] .
Another idea for a new type of regularization is the fuzzy sphere [58] . In this approach, one allows the space-time to have non-commutativity, and represents the fields by matrices. Making the matrices finite-dimensional corresponds to truncating the angular momentum on the sphere. This can be done without breaking the gauge symmetry thanks to the space-time non-commutativity. Moreover, the SO(3) rotational symmetry, which is the counterpart of the translational symmetry on a flat space, is not broken by the regularization. Therefore, one might expect to obtain a regularization which does not break SUSY. In general, it is not possible to get rid of the space-time non-commutativity in the continuum limit due to the so-called UV/IR mixing [59] . However, since the spacetime non-commutativity does not affect the planar diagrams, one can still think of a new regularization that works in the large-N limit of the original field theory.
Extending these ideas further, it was proposed [44] that the N = 4 SU(N ) SYM on R × S 3 can be regularized in the planar large-N limit preserving 16 SUSYs. This proposal extends the idea of large-N reduction to a curved space, while solving the problem of the center symmetry breaking in the original idea. The number of preserved SUSYs is half of the original 32 SUSYs, but we may consider it optimal in the sense that the conformal symmetry, which would enhance the symmetry from 16 SUSYs to 32 SUSYs, is inevitably broken by any regularization. Following the spirit of the large-N reduction, let us first collapse the S 3 to a point. The one-dimensional gauge theory obtained in this way [60] is nothing but the plane wave matrix model (PWMM) [61] , which has 16 SUSYs. The model possesses many classical vacua, all of which preserve the 16 SUSYs of the PWMM. In particular, there exist classical vacua, which correspond to multi-fuzzy-sphere configurations with different radii. By considering the PWMM around such a classical vacuum, one can retrieve the theory before dimensional reduction in the planar limit [44] . 1 We use this proposal to study the N = 4 SU(N ) SYM on R × S 3 on a computer. Since the theory is conformally invariant, one can actually map the theory on to R 4 , where various predictions are available. Here we calculate correlation functions of chiral primary operators (CPOs), and compare the results against the predictions from the AdS/CFT correspondence. 2 In particular, we find that the two-point and three-point functions agree with the corresponding free theory results even at strong coupling up to overall constant factors, which can be absorbed consistently by appropriate normalization of the operator. This implies that a weaker version of the SUSY non-renormalization property holds even at the regularized level. 3 In contrast, our results for the four-point functions show clear deviation from the SUSY non-renormalization property, which cannot be absorbed by the same normalization of the operator. Indeed this deviation turns out to be consistent with the prediction from the AdS/CFT correspondence.
The rest of this paper is organized as follows. In section 2 we review some known results for the correlation functions of CPOs in N = 4 SYM on R 4 obtained from gauge theory analyses and from the AdS/CFT correspondence. In section 3 we explain the conformal map between N = 4 SYM on R 4 and that on R× S 3 , and review the large-N equivalence of the latter theory to the PWMM. In section 4 we define the correlation functions of CPOs in N = 4 SYM on R × S 3 and discuss their relationship to the correlation functions in the PWMM. We also confirm this relationship by explicit calculations in the free theory case. In section 5 we explain our numerical method for calculating the correlation functions in the PWMM. In section 6 we present our results and compare them against the predictions from the AdS/CFT correspondence. Section 7 is devoted to a summary and discussions. In appendix A we present the prediction for the four-point function obtained from the AdS/CFT correspondence. In appendix B we explain how we evaluate the predicted fourpoint function in the form that can be compared with the Monte Carlo data directly. In appendix C we present some useful formulae for fuzzy spherical harmonics, which are used 1 See refs. [62, 63, 64, 65] for earlier discussions that led to this proposal. This equivalence was confirmed at finite temperature in the weak coupling regime [66, 67, 68] . It has also been extended to general group manifolds and coset spaces [69, 70] . The large-N reduction for Chern-Simons theory on S 3 is demonstrated in refs. [71, 72] . The large-N reduction for N = 4 SYM has been confirmed for the circular Wilson loop to all orders of perturbation theory [73] . More recently, the localization method [25] has been used to demonstrate the large-N reduction for N = 4 SYM [74] and three-dimensional N = 2 theories [75, 76] . 2 See ref. [17, 77] for some preliminary results on the Wilson loop. 3 The non-renormalization property actually refers to a stronger statement that the agreement with the free theory results should hold without any constant factors. This is expected to be realized only by taking the continuum and infinite-volume limits in the present approach.
to evaluate the correlation functions in the PWMM in the free theory case. In appendix D we present free theory results for the correlation functions in the PWMM with finite regularization parameters. In appendix E we discuss the stability of the background, which is crucial for the large-N reduction to work. In appendix F we discuss the dependence of our results on the regularization parameters.
Correlation functions of CPOs in
In this section we review some important properties of CPOs and their correlation functions in N = 4 SYM on R 4 . We also discuss a prediction for the four-point correlation function of CPOs obtained from the AdS/CFT correspondence. The action of N = 4 U(N ) SYM on R 4 is given by
with
, where we have omitted the fermionic terms. This theory has PSU(2, 2|4) superconformal symmetry with 32 supercharges. There are six scalars φ a (a = 4, . . . , 9), which transform as the fundamental representation under the R-symmetry SO(6) R . CPOs in N = 4 SYM on R 4 are the operators of the form
where T a 1 a 2 ···a ∆ I I is a totally symmetric traceless tensor of SO(6) R with rank ∆ I . Since these operators O I are half-BPS, their dimensions are not renormalized and therefore they are equal to the canonical dimensions ∆ I . For convenience, we choose T I to be orthonormal.
We consider the n-point correlation functions of CPOs defined by
where x 1 , x 2 , · · · , x n ∈ R 4 . The one-point function of CPO vanishes due to the conservation of the R-charge. For the same reason, the two-point and three-point functions of CPOs have only connected contribution, while the four-point functions can also have disconnected contribution, which is factorized into a product of two-point functions. There are two classes of correlators of the form (2.3) with special properties, which are the extremal correlators characterized by ∆ I = ∆ J + · · · + ∆ K and the next-to-extremal correlators characterized by ∆ I = ∆ J + · · · + ∆ K − 2. In fact a field theoretical analysis strongly suggests that the non-renormalization property holds for the extremal correlator [78, 79, 80] and the next-to-extremal correlator [81, 80] . The space-time dependence of the two-point and three-point functions of CPOs is completely determined by the conformal symmetry as
where x ij = |x i − x j |. Let us define the ratios of the two-point and three-point correlation functions to those in the free theory of N = 4 SYM as 6) where the suffix "free" represents a quantity defined for the free theory.
There is a strong evidence from a field theoretical analysis that the non-renormalization property holds for the two-point and three-point functions of CPOs [82, 83, 84, 85, 86, 87, 88, 89, 90] . 4 Namely,
Moreover, one can make an independent argument for the non-renormalization of the twopoint and three-point correlation functions of the CPOs with ∆ = 2, using the fact that these CPOs belong to the same multiplet as the stress tensor and the R-symmetry current [91, 92, 93, 94] . 5 On the other hand, the prediction from the AdS/CFT correspondence for general two-point and three-point correlation functions in the planar limit at strong coupling is given through the GKP-Witten relation [3, 4] as 8) which is consistent with (2.7). Here the N → ∞ limit is taken with fixed 't Hooft coupling λ ≡ g 2 YM N , which corresponds to the planar limit, and the λ → ∞ limit is taken afterwards. The space-time dependence of the four-point correlation functions is not completely determined by the symmetry, but they can be written as
where u and v are two independent conformal invariants defined by
Note, in particular, that the four-point correlation function of CPOs with ∆ = 2 is neither extremal nor next-to-extremal, and therefore it is expected to be renormalized. In this paper we focus on the CPOs with the lowest dimension ∆ = 2 given by
According to the above general argument, the correlation functions of the CPOs (2.11) can be parametrized as
(2.14)
These correlation functions have only connected contribution. By using the propagators for the scalar fields
where p, q, r, s = 1, · · · , N , one finds that the coefficients are given for the free theory by
On the other hand, the AdS/CFT correspondence predicts that
Here ζ is a parameter associated with the normalization of the operator, which cannot be fixed by the AdS/CFT correspondence, while the non-renormalization property (2.7) implies ζ = 1. The prediction for c(u, v) in (2.19) is obtained in ref. [95] , and it is shown in figure 1. 6 One finds that the function c(u, v) has nontrivial dependence on u and v, and in particular, it differs from 1, which implies that the four-point function is renormalized. This is consistent with the fact that the four-point function considered here is neither extremal nor next-to-extremal. The explicit form of c(u, v) and useful expressions for its evaluation are given in appendix A.
N = 4 SYM on R × S 3 and its large-N reduction
In this section we review a non-perturbative formulation of planar N = 4 SYM on R × S 3 proposed in ref. [44] . (See ref. [73] for a review.) This formulation is based on an extension of the large-N reduction [50] to a curved manifold S 3 . In section 3.1 we review the conformal map between N = 4 SYM on R 4 and that on R × S 3 . In section 3.2 we show how the PWMM is obtained from N = 4 SYM on R × S 3 through a dimensional reduction. In section 3.3 we discuss how N = 4 SYM on R × S 3 is retrieved from the PWMM through the novel large-N reduction.
Conformal map between N = 4 SYM on R 4 and that on R × S 3
It is well known that N = 4 SYM on R 4 has a moduli space, which is characterized by the vacuum expectation values of the scalar fields. The conformal symmetry is spontaneously broken except at the conformal point, which corresponds to a point in the moduli space where the vacuum expectation values all vanish. In section 2 we implicitly assumed that the theory is defined at the conformal point. In fact N = 4 SYM on R 4 at the conformal point is equivalent to N = 4 SYM on R × S 3 through the conformal map. To see that, we apply a Weyl transformation defined by
to the action (2.1) of N = 4 SYM on R 4 . This gives rise to N = 4 SYM on a curved space endowed with a metric g µν with the action
6 Note that the two parameters u and v defined by eq. (2.10) cannot take arbitrary set of values within 0 ≤ u, v ≤ ∞. For instance, since v → 0 as u → 0, we cannot take the u → 0 limit while keeping v finite, and vice versa. Similarly, one cannot take the v → ∞ limit for u = 1 and vice versa.
where R is the Ricci scalar constructed from g µν . Rewriting the metric on R 4 in the polar coordinates as
where r = t , one finds that R 4 is transformed to R × S 3 by a Weyl transformation with ρ(x) in (3.1) given by ρ = −µt. The radius of the resulting S 3 is given by
Thus we have seen that N = 4 SYM on R 4 at the conformal point is equivalent to N = 4 SYM on R × S 3 .
The relation between the Cartesian coordinates and the polar coordinates of R 4 in (3.3) is given, for instance, as
where 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π and 0 ≤ ψ < 4π, which we use later.
PWMM from
Let us write down the action (3.2) explicitly in the case of R × S 3 . For that purpose we recall that S 3 can be viewed as the SU(2) group manifold. The isometry of S 3 corresponds to the left and right translations on the SU(2) group manifold as one can see from the relation SO(4) = SU(2) × SU(2). As is well known, one can construct the right-invariant 1-forms e iμ , where i = 1, 2, 3 andμ stands for θ, φ, ψ. (Note that µ in (3.2) represents either t orμ.) The 1-forms e iμ are called "dreibein" and satisfy the Maurer-Cartan equation
By using the inverse of e iμ denoted by eμ i , one can also construct the Killing vector 7
which represents the generators of the left translation and satisfies the SU(2) algebra
The SO(4)-isometric metric on S 3 is given in terms of e iμ as 8) and the Ricci scalar constructed from gμν takes a constant value 3 2 µ 2 .
7 For details such as an explicit form of e ī µ and Li, see refs. [44, 65] .
We expand the gauge field on S 3 with respect to e iμ as Aμ = e iμ X i , and denote φ a as X a . Then, using (3.6), (3.7) and (3.8), we can rewrite (3.2) in terms of X i and X a as
where dΩ 3 = 1 8 sin θ dθ dφ dψ is the volume element of a unit S 3 and the covariant derivative is defined by
Let us perform a dimensional reduction over S 3 [60, 96] by making the fields depend only on t, namely by setting
The resulting theory is nothing but the PWMM, and its complete form including the fermion fields is
where M runs from 1 to 9. This is a consistent truncation in the sense that every classical solution in (3.10) is a classical solution in (3.9). The PWMM has the SU(2|4) symmetry with 16 supercharges, which is a subgroup of PSU(2, 2|4) of N = 4 SYM. By setting µ = 0 in eq. (3.10), one obtains the Matrix Theory [97] . In fact the PWMM can be viewed as a mass deformation of the Matrix Theory preserving its SUSYs completely. The PWMM has many discrete vacua given by
where L (r)
i are the r-dimensional irreducible representation of the SU(2) generators obeying
The parameters n I and k I in (3.11) have to satisfy the relation
These vacua preserve the SU(2|4) symmetry, and they are all degenerate. Since the generators
(n 2 − 1) 1 n , they represent a fuzzy sphere [58] . The classical vacua (3.11) therefore represent multi-fuzzy-sphere configurations with different radii µ 2 (n I ) 2 − 1 and multiplicity k I .
N = 4 SYM on R × S 3 from PWMM
In order to retrieve N = 4 SYM on R × S 3 from its reduced model (3.10) in the planar limit, we need to pick up a particular background from (3.11) and consider the theory (3.10) around it [44] . Let us consider the background (3.11) with
and take the large-N limit in such a way that
Note that the k → ∞ limit ensures the dominance of planar diagrams in the reduced model. Then the resulting theory is equivalent to the planar limit of N = 4 SYM on R × S 3 with the radius (3.4) of S 3 and the 't Hooft coupling constant given by 16) where
This equivalence may be viewed as an extension of the large-N reduction to a curved space S 3 . The original idea [50] for theories compactified on a torus can fail due to the instability of the U(1) D symmetric vacuum of the reduced model [52] . This problem is avoided in the above new proposal since the PWMM is a massive theory and the vacuum preserves the maximal SUSY. The instanton transition to other vacua is suppressed due to the k → ∞ limit. 8 Note also that the "fuzziness" of the spheres disappears in the k → ∞ limit since the UV/IR mixing effects come only from non-planar diagrams. The SU(N ) gauge symmetry of the PWMM (with the gauge function depending only on t) is translated into the four-dimensional SU(k) gauge symmetry of N = 4 SYM. Viewed as a regularization of N = 4 SYM on R × S 3 , the present formulation respects the SU(2|4) symmetry with 16 supercharges of the PWMM, and in the limit (3.15) the symmetry is expected to enhance to the full superconformal symmetry PSU(2, 2|4) with 32 supercharges of N = 4 SYM. Since any kind of UV regularization breaks the conformal symmetry, this regularization should be considered optimal from the viewpoint of preserving SUSY.
Correlation functions of CPOs from PWMM
In this section we show how one can obtain the correlation functions of CPOs in N = 4 SYM by calculating their counterparts in the PWMM. In particular, we perform explicit calculations in the free theory case and confirm that the results obtained in the limit (3.15) from the PWMM around the background (3.14) reproduce the correlation functions of CPOs in N = 4 SYM. 8 The transition amplitude to other vacua behaves as ∼ exp(−const.
Correlation functions of CPOs in
Let us first define correlation functions of CPOs in N = 4 SYM on R × S 3 . We find from (3.1) that the six scalar fields on R 4 are related to those on R × S 3 as
Correspondingly, the free propagator (2.15) on R 4 is translated to that on R × S 3 as
As in (2.2), CPOs in N = 4 SYM on R × S 3 are defined by
In particular, the CPOs on R × S 3 with the lowest energy 9 corresponding to (2.11) are
By using (4.2), one obtains, for instance, the two-point function of O ab (t, Ω 3 ) in the free theory as
In order to relate these operators to their counterparts in the PWMM, we need to integrate O I (t, Ω 3 ) over a unit S 3 and define an operator 6) and, in particular,Ō
The two-point function ofŌ ab (t) can be calculated in the free theory by using (3.5) and (4.5) as
where we have fixed x ′ to (r ′ , 0, 0, 0) without loss of generality.
9 Note that the dimension on R 4 corresponds to the energy on R × S 3 .
In a similar manner, the three-point and four-point functions are calculated in the free theory as
where Li 2 is the dilogarithmic function defined by Li 2 (z) = − z 0 log(1−u) u du. In fact the correlation functions in (4.8) and (4.9) have only planar contribution in the free theory.
Corresponding correlation functions in PWMM
As we reviewed in section 3.3, N = 4 SYM on R × S 3 is equivalent to the PWMM in the large-N limit. In this equivalence, the operators in the PWMM corresponding to (4.6) in N = 4 SYM are
The relationship between the correlation functions is given by
where the symbol · PW on the right-hand side represents a VEV with respect to the PWMM (3.10) around the background (3.14), and it is assumed that the limit (3.15) is taken. The trace over N × N matrices in (4.10), which ensures the gauge invariance, actually corresponds to integrating over S 3 and taking the trace over k × k indices. Both sides of (4.11) represent planar and connected contribution, and the factors N M −2 , k M −2 on each side make the quantities finite in the planar limit. This kind of correspondence holds for general gauge-invariant operators in N = 4 SYM on R × S 3 .
Here we show explicitly in the free theory that (4.11) holds for correlation functions defined by (4.8) and (4.9) . Note that the corresponding correlation functions in the PWMM have only planar contribution in the free theory similarly to the situation in N = 4 SYM. In order to calculate the right-hand side of (4.11) around the background (3.14) in the PWMM, we expand the (I, J) block of X a -denoted by X (I,J) a -in terms of the fuzzy spherical harmonics defined in (C.1) as
(4.12)
ajm (t) is a k × k matrix. Using (C.2), we find that the operator corresponding to (4.7) can be expressed as
(4.13)
Expanding the action (3.10) around the background (3.14), we find that the quadratic terms in X a is diagonalized in terms of x ajm (t) as
where L i is given by (3.11) . From (4.14), we can read off the free propagator for x (I,J)
ajm as
where 0 ≤ p, q, r, s ≤ k.
Let us calculate the two-point function corresponding to (4.8) in the free theory. By using (4.15), we obtain
We can show that (4.16) agrees with (4.8) in the limit (3.15). For simplicity, we first take the n → ∞ limit. Then, (4.16) can be evaluated as
By using (3.16), we find that the last expression indeed agrees with (4.8).
Similarly, one can calculate the three-point and four-point functions corresponding to those in (4.9) in the free theory. The results are
The four-point function (4.18) for the PWMM in the free theory case with µ = 2 is plotted for backgrounds (3.14) with (n, ν) = (1, 1), ( Similarly to (4.17), one can show that the three-point and four-point functions in (4.18) agree with those in (4.9) in the limit (3.15). Thus we have confirmed that (4.11) holds in the free theory case.
Let us discuss the rate of convergence. As an example, we consider the four-point function in the PWMM given by (4.18), and see how it converges to that in N = 4 SYM given by (4.9) in the free theory case. Here we take the limit (3.15) with a choice n = In figure 2 we plot the results for this sequence, which show clear convergence towards the result for N = 4 SYM. In our Monte Carlo simulation, which will be discussed in the next section, we take the background (n, ν) = ( First we take the static diagonal gauge
where α a are constant in time. This condition does not fix the gauge completely, and in fact there is a residual gauge symmetry
where ν a is an integer. This residual symmetry can be fixed by imposing −π < α a ≤ π. Corresponding to the above gauge choice, the Faddeev-Popov term
should be added in the action. Then we introduce a cutoff Λ in the Fourier-mode expansion 4) and similarly for the fermions [9] . Since there are no UV divergences in the one-dimensional theory, one can obtain the original PWMM by taking the limits β → ∞ , Λ β → ∞. The integration over fermionic variables yields a Pfaffian, which is complex in general. As is done in the previous works [11, 13, 14, 16, 18] on the D0-brane system, we simply take the absolute value of the Pfaffian assuming that the phase does not affect the results. 11 The model obtained in this way can be simulated by the Rational Hybrid Monte Carlo (RHMC) algorithm [99] . This method has been applied extensively to the D0-brane system corresponding to µ = 0, and the results confirmed the gauge/gravity duality for various observables [11, 13, 14, 16, 18] . 12 See appendix B of ref. [18] for the details of the algorithm.
We start our simulation with an initial configuration given by (3.14) with the parameters (n, ν, k) = ( 3 2 , 2, 2), which corresponds to the matrix size N = 6. Since the parameter µ in the action (3.10) can be scaled away by appropriate redefinition of the fields and the parameters, we take µ = 2 without loss of generality, 13 which corresponds to a unit sphere 11 See appendix C of ref. [18] for possible justification. Ref. [32] shows that the phase of the Pfaffian is negligible in Monte Carlo simulation of the lattice regularized PWMM with the trivial background (n = ν = 1, k = N = 3) at finite temperature.
12 See refs. [10, 12, 15, 20] for Monte Carlo calculations based on the lattice regularization. Our method has also been applied to other SUSY matrix quantum mechanics with less supercharges and their nonperturbative properties have been studied [100] . 13 This convention is different from the one in ref. [101] , where we set the 't Hooft coupling g 2 PW N to unity analogously to the studies of the D0-brane system [11, 13, 14, 16, 18] . The dictionary between the two conventions is given by For these values of λ, we find that transitions to other vacua do not occur during the simulation as we discuss in appendix E. The IR cutoff in the t-direction is taken as β = 10.0, 5.0, 3.25, respectively, for each couplings, 14 while the UV cutoff parameter Λ in the t-direction is taken as Λ = 12 for all cases.
The dependence of our results on the regularization parameters is discussed in appendix F. In particular, we have checked that our results for the two-point functions after taking the ratio to the free theory case do not change significantly for larger n, ν and k. Also we find that finite-Λ effects are negligible, and hence the SUSY breaking by such effects can be safely ignored.
Results
In this section we present our results for the correlation functions of CPOs in N = 4 SYM. These results are obtained by using the relationship (4.11) and calculating the corresponding correlation functions in the PWMM by the Monte Carlo method described in the previous section.
In figure 3 (Left) we present our results for the two-point function 15
where we have defined the Fourier transform of an operator O(t) as
In order to study the non-renormalization property, we compare our data with the free theory results, which are calculated analytically by just switching off the interaction terms in the reduced model with the same regularization parameters. (See appendix D for explicit 14 This choice of β corresponds to taking β = 5.0 in our previous convention in footnote 13 , which is considered to be large enough for calculating correlation functions as analogous studies in the D0-brane system indicate [16, 18] . 15 The normalization of the correlation functions (6.1), (6.4), (6.7) we adopt in this paper is a natural one from the viewpoint of the PWMM. The 't Hooft coupling g 2 PW N in the denominator comes from the rescaling of the scalar fields which is needed to make the kinetic term in the action (3.10) canonical, while the µ in the numerator is introduced to make the correlation functions dimensionless. The adopted normalization is different from the one on the right-hand side of eq. (4.11), which becomes finite in the limit (3.15) . This issue is irrelevant, however, when we take the ratio to the free theory case in (6.3), (6.5) and (6.8) since the common factors cancel. results not only for two-point functions but also for three-point and four-point functions.) In figure 3 (Right) we plot the ratio
3)
The momentum dependence of the correlation function is almost canceled by taking the ratio, and we observe a nice plateau behavior. By fitting R (2) (p, −p) to a constant in the momentum region p = 2πn β , where 6 ≤ n ≤ Λ ≡ 12, we obtain 0.917(2), 0.805(2), 0.658(3) for λ = 0.55, 4.39, 16.0, respectively. In figure 3 (Left) we also plot the free theory results multiplied by the overall constants obtained in this way. Thus we find that our data are in good agreement with the corresponding free theory result up to an overall constant depending on λ. This is remarkable considering that the value of the two-point function changes by orders of magnitude as a function of p.
As we have reviewed in section 2, the form of the two-point function is fixed by the conformal invariance of N = 4 SYM, and therefore the ratio R (2) (p, −p) should become a constant, which corresponds to c (2) in (2.12) in the large-N limit (3.15). The height of the plateau in figure 3 (Right) gives an estimate for c (2) with the present matrix size, which decreases from 1 as λ increases. On the other hand, the SUSY non-renormalization property (2.7) implies that c (2) = 1. We therefore consider that the height of the plateau approaches 1 for any λ as we take the limit (3.15).
Let us move on to the three-point function which is shown in figure 4 together with the ratio
We observe that the three-point function agrees with the free theory results up to an overall constant. Since the form of the three-point function is determined by the conformal symmetry as in the case of two-point functions, the ratio R (3) (p, 0, −p) should become a constant, which corresponds to c (3) in (2.13), in the limit (3.15). The height of the plateau in figure 4 (Right) gives an estimate for c (3) with the present matrix size. The AdS/CFT correspondence predicts (2.17) and (2.18), which implies
In order to see whether our data is consistent with (6.6), we use the value of c (2) extracted from our results for two-point functions, and plot (c (2) ) 3/2 in figure 4 (Right). The margin between the lines represents the fitting error in estimating c (2) from the plateau height. Our results for the ratio R (3) (p, 0, −p) are in reasonable agreement with (c (2) ) 3/2 obtained from the two-point function, which implies consistency with (6.6). Thus we find that the weaker form of the SUSY non-renormalization property holds even at the regularized level. In the large-N limit (3.15), both sides of (6.6) are expected to approach 1. Finally we discuss our results for the four-point functions
(6.7)
Since the four-point functions we study are neither extremal nor next-to-extremal, the SUSY non-renormalization property can be violated. Indeed the AdS/CFT correspondence predicts the explicit form of the violation given by (2.19) . The prediction of the AdS/CFT correspondence is obtained in the strong coupling limit, and the violation is expected to become smaller as the coupling constant decreases. Therefore, here we focus on the case of the largest coupling constant λ = 16.0. In figure 5 (Left) we plot our results for the fourpoint functions with three types of momentum configuration (p 1 , p 2 , p 3 , p 4 ) = (p, 0, 0, −p), (p, −p, p, −p) and (p, p, −p, −p). In figure 5 (Right) we plot the ratio R (4) of the four-point function to the free theory result
PW,free (6.8) for each momentum configuration as a function of p.
The weaker form of the non-renormalization property implies R (4) (p 1 , p 2 , p 3 , p 4 ) = (c (2) ) 2 . In order to see its violation, we plot (c (2) ) 2 in figure 5 (Right) using the value of c (2) obtained from our results for the two-point function. The margin between the lines represents the fitting error in estimating c (2) from the plateau height in figure 3 (Right) . We find that our data for R (4) (p 1 , p 2 , p 3 , p 4 ) appear systematically larger than the value of (c (2) ) 2 in sharp contrast to our results for the three-point function shown in figure 4 (Right). In figure 6 (Left) we plot the ratio R (4) /(c (2) ) 2 obtained by Monte Carlo data. We find that most of the data points lie within the range 1 ∼ 1.3, which suggests the violation of the non-renormalization property.
Let us then see whether this violation suggested from our Monte Carlo data is consistent with the prediction of the AdS/CFT correspondence. For that we need to translate (2.19) into the four-point functions we measure directly in the simulation as
where we have definedÔ
The factor exp(2 4 i t i ) in (6.9) comes from the transformation (4.1) associated with the conformal map from R 4 to R × S 3 . The corresponding free theory result can be obtained by setting c(u, v) = 1 and ζ = 1 in (6.9) as one can see from (2.14) and (2.16) . Then the ratio of the four-point function to the corresponding free theory result for N = 4 SYM is predicted from the AdS/CFT correspondence as
where F (p 1 , p 2 , p 3 , p 4 ) can be calculated by (6.9) and the corresponding expression for the free theory. Figure 6 (Right) shows the function
AdS/CFT /ζ 2 obtained in the way described in appendix B. Thus the AdS/CFT correspondence predicts R (4) AdS/CFT /ζ 2 = 1.2 ∼ 1.3, which roughly agrees with the violation of the nonrenormalization property observed on the gauge theory side. In fact the agreement for the momentum configuration (p, p, −p, −p) is remarkable; the gauge theory side and the gravity side both predict a value around 1.2.
For other momentum configurations, the gauge theory results turn out to be approximately 20% smaller than expected from the AdS/CFT correspondence. We consider that this is due to the finite IR cutoff effects in the t-direction. 16 For instance, figure 3 (Right) shows that our data in the small p region are smaller than the expected plateau behavior by roughly 10-20% for λ = 16.0. Also figure 4 (Right) shows that the ratio for the three-point function turns out to be several % smaller than expected from the weaker form of the non-renormalization property. This might be attributed to the fact that the threepoint function we consider involves p = 0 as one of its arguments. The four-point function for the momentum configuration (p, 0, 0, −p) may well be subject to such artifacts. It is also conceivable that the four-point function for the momentum configuration (p, −p, p, −p) is subject to such IR artifacts since one obtains zero momentum whenever two adjacent momenta are added in planar diagrams, which dominate at large N .
Summary and discussions
In this paper we have studied N = 4 SYM by Monte Carlo simulation, and calculated, in particular, the correlation functions of chiral primary operators to test the predictions of the AdS/CFT correspondence in the strong coupling limit. Our results for the three-point function turn out to be consistent with the non-renormalization property in the weaker form, while our results for the four-point function suggest its violation. These results are consistent with the predictions from the AdS/CFT correspondence. In particular, the violation of the non-renormalization property observed in the four-point function has the same orders of magnitude as predicted by the AdS/CFT correspondence. This is remarkable considering the rather small system size, which is represented by N = 6 and Λ = 12 in our simulation. The number of degrees of freedom is (N 2 −1)(2Λ+1) = 875, which roughly corresponds to the SU(2) gauge theory on the 4 4 lattice. The crucial point was to use the idea of the large-N reduction, which enables us to regularize N = 4 SYM respecting 16 SUSYs. In particular, the finite UV cutoff effects in the raw data for the correlation functions turned out to be almost canceled up to an overall constant by taking the ratio to the results for the free theory with the same regularization parameters. Furthermore, our results suggest that the possible finite UV cutoff effects in the overall constant for the correlation functions can be mostly absorbed by appropriate normalization of the operators. These features are considered a big advantage of our approach, which made it possible to test the predictions of the AdS/CFT correspondence with the available computer resources.
In fact field theoretical analyses in N = 4 SYM suggest that the two-point and threepoint functions are not renormalized including the overall constant factor. This is a stronger statement than the prediction of the AdS/CFT correspondence for the two-point and threepoint functions. The overall constants extracted from our Monte Carlo data, however, show some deviation from this statement as one increases the coupling constant. We consider it likely that this deviation is due to the finite UV cutoff effects and that it will disappear if one takes the limit (3.15) to infinite matrix size. Since our data are already consistent with the non-renormalization property in the weaker form, we only need to confirm that the overall constant for the two-point function approaches unity as one increases the matrix size for arbitrary coupling constant. We leave this issue for future investigations. Now that we have established a new method for nonperturbative calculations in N = 4 SYM in the large-N limit, it would be interesting to apply the method to various other quantities. We are currently working on the calculation of Wilson loops. Preliminary results for the circular Wilson loops are already reported in ref. [17, 77] , where one can see reasonable agreement with the analytic results [102, 25] . We are going to extend the calculation to non-BPS Wilson loops, which cannot be calculated analytically, and to test the prediction [103, 104] from the AdS/CFT correspondence.
It would also be interesting to study SYM in other dimensions in a similar way. For instance, it would be interesting to study three-dimensional N = 8 SYM on R × S 2 with 16 SUSYs and to test the gauge/gravity correspondence. The theory has many classical vacua, all of which preserve the full SUSYs and have a known dual gravity description [96] . In order to test the more standard AdS/CFT correspondence associated with the D2-brane [105] , one has to study the SYM on R 3 instead. For that, we first consider the SYM on R × S 2 , and send the radius of S 2 to infinity. This is a slight complication compared with N = 4 SYM studied in this paper, where one can use the conformal invariance to map the theory on R × S 3 to the one on R 4 and vice versa.
To conclude, we consider it very interesting that the planar large-N limit allows us to regularize gauge theories preserving 16 SUSYs. This not only enables us to study the SUSY theories by Monte Carlo simulation without fine-tuning, but also enables us to access interesting physics already with rather small system size as the present work clearly demonstrates.
can be written as
whereD is expressed in the integral form as
.
For numerical evaluation, it is convenient to expressD in the form of infinite series in v and
The parameters u and v are positive by definition (2.10). These expressions converge fast in the region v < 1 and Y > 0 (the latter inequality corresponds to u > v). Note that, for Y < 0, each term of the series in Y changes its sign, which makes numerical evaluation hard.
In order to obtain the expressions suitable for numerical evaluation in the other regions of u and v, we consider a change of integration variables in the integral form (A.2) ofD,
which gives
By using the infinite series (A.3) for theD on the right-hand side of (A.5), we can evaluate the left-hand side in the region u > 1 and v > 1. Another change of integration variables
By using the infinite series (A.3) for theD on the right-hand side of (A.7), we can evaluate the left-hand side in the region u < 1 and v > u.
B. Numerical evaluation of the predicted four-point function
The prediction of the AdS/CFT correspondence for the four-point function (2.14) is given in terms of the function c(u, v) in (2.19) . In order to translate this prediction into the form that can be compared with our Monte Carlo results (6.7), we have to perform the integral in (6.9), which we do numerically in the following way.
In terms of the coordinates on R 4 , the integral (6.9) can be rewritten as 
Note that the system (B.2) has symmetries under the inversion x i → x i /|x i | 2 , the dilatation x i → qx i and the rotation of the four-dimensional vectors x i . We fix these symmetries as follows. First we insert 1 = dR δ(R − |x 1 |) in the integrand to fix the dilatation symmetry. After the insertion, we rescale the integration variables as x i → Rx i . Then the integration over R factorizes and yields a delta function representing the momentum conservation that appears on the left-hand side of (6.9). In the remaining integral, x 1 can be set to (1, 0, 0, 0) using the delta function and the rotational symmetry. Finally, using the inversion symmetry, we restrict the integration over x 2 , x 3 and x 4 to the region in which two of them have norms less than 1. Then the function F (p 1 , p 2 , p 3 , p 4 ) in the ratio (6.11) can be evaluated by
where the expectation value · · · is taken with respect to the partition function (B.2) after fixing the symmetries as described above. We apply the standard Hybrid Monte Carlo algorithm to calculate the expectation values. The function c(u, v) is evaluated by using the infinite series in appendix A truncated at sufficiently high order. 
C. Fuzzy spherical harmonics
In this section we present some formulae for fuzzy spherical harmonics used in section 4.2.
The fuzzy spherical harmonics Y (n,n ′ ) jm is a basis for n × n ′ matrices defined by
where p = (n − 1)/2, p ′ = (n ′ − 1)/2. The symbol |pr represents the basis of the spin p representation of SU (2), and C jm pr p ′ r ′ denotes the Clebsch-Gordan coefficient. The details of the fuzzy spherical harmonics can be found, for instance, in refs. [63, 65, 44] . It is easy to derive the following relations
where tr represents the trace over n × n matrices.
D. Free theory results with finite regularization parameters
In this section we present free theory results for the correlation functions with finite regularization parameters β, Λ, n, ν, k. (The first two parameters represent the IR and UV cutoffs in the t-direction, and the latter three parameters appear in the background (3.14).) These results are used in normalizing our Monte Carlo data in eq. (6.3), (6.5) and (6.8). They can be derived in the way described in section 4.2.
The two-point function for the free theory is given by
where
The three-point function we consider in this work is given for the free theory by
3) We consider four-point functions with three different types of momentum configuration, which are given for the free theory, respectively, as 
E. Stability of the background
In our simulation, we start from a classical vacuum (3.14) of the PWMM with the parameters (n, ν, k) = ( 3 2 , 2, 2), which corresponds to the background
For the validity of the large-N reduction, we have to make sure that the configurations generated by Monte Carlo simulation fluctuate around (E.1) and do not make a transition to other vacua. Such a transition is suppressed in the large-N limit (3.15) for arbitrary coupling constant as we discussed at the end of section 3.3, but it can occur for finite N at sufficiently strong coupling. In order to probe the possible transitions to other vacua, we consider the eigenvalues m p (p = 1, · · · , 6) of (X i /µ) for each of i 
In table 1, we list all the classical vacua in the PWMM for the matrix size N = 6 and the corresponding eigenvalues m p (p = 1, · · · , 6). In Monte Carlo simulation, the eigenvalues m p fluctuate around (E.2) in the weakly coupled (small g PW ) regime, but in the strongly coupled (large g PW ) regime, the system may undergo a transition to a different vacuum, which can be seen as a change of the eigenvalue distribution from (E.2) into another one in table 1. Figure 7 shows the history of the eigenvalues m p after thermalization in the weak coupling case λ = 0.55. Here we take the mean value with respect to i = 1, 2, 3 for each of m p . We find that the eigenvalues m p fluctuate around the classical values (E.2). We plot the results for λ = 4.39, 16.0 in the left column of figure 8. We observe considerable deviation from the classical values (E.2), which are represented by the horizontal lines.
Note, in particular, that there are three classical vacua (b), (c) and (d) in table 1, which has the largest eigenvalue m 6 = 1 2 . In order to make sure that transitions among these vacua do not occur, we perform simulations starting from the vacua (b) and (d) with the coupling constant g 2 PW N = 1.0, 3.64, which corresponds to λ = 4.39, 16.0 due to eq. (5.6) in the case of our background (E.1). The histories of the eigenvalues m p for the two initial configurations are shown in the middle column and the right column of figure 8, respectively. We find that the histories can be clearly distinguished from the one in the left column. Thus we conclude that our background (E.1) remains stable up to λ = 16.0.
In order to confirm this conclusion further, we calculate
for various λ by starting simulations from our background (E.1). The results are plotted against λ in figure 9 . The data points can be nicely fitted to a quadratic behavior up to λ = 16.0. This implies that no phase transition occurs within this region, which is consistent with our conclusion from figure 8.
In figure 10 we show some results starting from our background (E.1) at very strong couplings g 2 PW N = 63.9 (Left) and g 2 PW N = 8000 (Right), which would have corresponded to λ = 280.1, 35091 in SYM, respectively, if our background (E.1) were unbroken. The plot in the left panel suggests the occurrence of a transition from our background (E.1) to the vacuum (f) after 1500 trajectories. The plot in the right panel suggests that the obtained configurations cannot be understood by small fluctuations from one of the classical vacua 
F. Dependence on regularization parameters
In this section we discuss the dependence of our results on the regularization parameters. In particular, we have used Λ = 12 and the background (n, ν, k) = ( 3 2 , 2, 2). We change one of Λ, k and (n, ν) fixing the others, and study how our results for the ratio R (2) (p, −p) of the two-point functions in (6.3) are affected for λ = 16.0 and β = 3.25. As for the choice of β, see footnote 14.
Let us first consider the dependence on the parameter Λ, which plays the role of a UV cutoff in the t-direction. Since 16 out of 32 SUSYs of N = 4 SYM restore in the Λ → ∞ limit, it is important whether the value Λ = 12 we have chosen is large enough.
In figure 11 (Left) we plot the ratio R (2) (p, −p) of the two-point functions in (6.3) against p for various Λ with (n, ν, k) = ( 3 2 , 2, 2). This confirms that the finite-Λ effects for our choice Λ = 12 are negligible in the momentum region p = 2π β n with n ≤ 10. The parameter k represents the number of coincident fuzzy spheres with each radius, and it corresponds to the rank of the gauge group in N = 4 SYM. The large-k limit should be taken to make sure that planar diagrams dominate and to suppress the transition to other classical vacua. Since all the fields in the PWMM (or in N = 4 SYM) are in the adjoint representation, it is expected that the finite-k effects are of the order of O(1/k 2 ). Figure 11 (Right) shows the ratio R (2) (p, −p) as a function of p for k = 2, 3, 4 with Λ = 6 and (n, ν) = ( 3 2 , 2). Indeed we only find little dependence on k. Finally we study the dependence on the parameters n and ν in the background (3.14). They play the role of UV cutoffs on S 3 , and the limits n, ν → ∞ in (3.15) are important, in particular, for the full superconformal symmetry to be restored. Here we compare the results for our N = 6 background (n, ν, k) = ( those for the N = 12 background (n, ν, k) = (2, 3, 2), which corresponds to
(F.1) Figure 12 shows the plot of R (2) (p, −p) as a function of p for the two backgrounds with Λ = 8. We find that the results for (F.1) increases slightly compared with the results for our background (E.1). This is consistent with our speculation that R (2) (p, −p) approaches 1 in the limit (3.15) for arbitrary coupling λ.
